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ABSTRACT 
A necessary and sufficient condition for the existence of subspaces of specified 
type of a vector space under the orthogonal group over a finite field of even 
characteristic is obtained, and the number of orbits of subspaces is computed. 
Throughout this paper we assume that IF<, is a finite field with y elements, 
where q is a power of 2. Let N = {x2 + x 1 x E F(,). It is clear that N is an 
additive subgroup of index 2 of F,. We choose a fixed element cr E lF(, but 
CY G N. 
Let n = 2u + 6, where v is an integer > 0 and S = 0, 1, or 2. We 
introduce the symbol 
A= 
and let 
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We call A the definite part of Gpv+s. Denote by K,, the set of all IZ X n 
alternate matrices over iF,. Two n X n matrices A and B over [F, are said to 
be congruent mod K,,, denoted A = B, if A + B E K ,, The set all (2 v + 
6) X (2 v + 6) matrices T over [F, such that 
TGI,, 6 T’ = GPvfs 
forms a group with respect to the matrix multiplication, called the orthogonal 
group of degree 2 v + 6 over IF, with respect to GSy+ 6 and denoted by 
%,+,@J 
Two m X m matrices A and B over 1F, are said to be congruent if there 
is an m X m nonsingular matrix Q such that A = QBQ“. From [l] we know 
that there are three types of normal forms of 171 X m matrices over 1F, under 
congruence. They are 
M( rn, 2s + 2, s) 
We use the symbol M(rn ,2s + y, s) to cover these three cases, where .s is 
called its index and y = 0, 1, or 2. 
Let P be an m-dimensional subspace of the (2~ + 6)-dimensional row 
vector space V, “+ 6 (IF,,). We use the same symbol P to denote any m X (2~ 
+ 6) matrix whose rows form a basis of the subspace P. If PG,,+,P’ is 
congruent to M(m, 2s + y, s), then P is called a subspace of type (m, 2,s + 
y, s, lY> with respect to GzY+ 6, where 
if 6 = y = 1 and e,,,, E P, 
if 6 = y = 1 and ezy+, E P, 
if 6#lor-y#1. 
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By a generalization of Witt’s theorem due to Feng and Dai (Theorem 2 of 
[2]), two subspaces P, and P, of V, “+ ,([F,) can be carried one into the other 
by an element of OZv+ ,(F<,) if and only if they are of the same type. Let P be 
a subspace of type (m, 2s + y, s, I’) in V,,+,(E,,,>; then m, s, y, and r form 
a complete system of invariants of P under OS”+ ,@,). 
THEOREM 1. Subspaces of type (m, 2s + y, s, r> with respect to GP,,+ s 
exist in V, “+ s (ff,) ifund only if 
i 
vfsfmin(6,y) when 6+ l,ory# 1, 
< ory= 6= landI?= 1, (1) 
v + s wheny=i?=landr=O. 
Proof. First, let u s prove the sufficiency of (1). If y = 0, then (1) 
reduces to 
2s<m<v+s. (2) 
If the condition (2) holds, then 
is a subspace of type (m, 2s, s) in V,,+,<FC,,>. 
Now assume that y 2 1. We distinguish the cases 6 = 0, 1, and 2. 
If 6 = 0, then (1) reduces to 
2s-t y<m< vfs. (3) 
If condition (3) holds, then 
5 I ,,1 2s I Y + , - ,?, 5 1 ,n 2.5 - I ” + d - ,,I 
II’“’ 0 0 0 0 0 0 0 
0 0 ,(r.-?L- 0 I”’ 0 0 0 
o 0 I) 0 0 0 0 0 
,o 1 0 0 0 1 0 0 I 
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7 2 ,!L 2, - 2 ” + 6 ,,I s 2 “L-2.5-2 vt5 
I”) 0 0 0 0 0 0 0 
0 0 0 0 I”’ 0 0 0 
0 I(2) 0 0 0 ( cY1 0 0 a 1 
0 0 pv-2s-2) 0 0 0 0 0 
rn 
are subspaces of types (m,2s + 1, s) and (m,2s + 2, s), respectkely, in 
v, J$>. 
If S = 1, then (1) reduces to 
v+s+l 
2s + y<n q 
if y=2,ory= landr= 1, 
v + s if y= lbutIY=O. 
If 7 = 1 and r = 1, then we have 2s + 1 < m < v + s + 1, and 
P m - 2s - 1 v + s - ,,I + 1 Y n, - 2s 1 vi-s-m+1 I 
I I 0 (s ) I(???Pr-1) 0 0 I”’ 0 0 0 0 1
(4) 
is a subspace of type (m, 2s + 1, s, 1) in V,,, ,(F,). Zf y = 1 and r = 0, 
then we have 2s + I < m < v + s, and 
s 1 n? - 2s - 1 u+s-m s 1 m - 2s - 1 u+s-772 1 
! z(y) 0 0  1 z(m-es- 0 1) 0 I’“’ 0 0 1 0 0 0 
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is a subspace of type Cm, 2s + 1, s, 0) in Vzu+ ,(F,). If y = 2, then we have 
2s + 2 < m < v + s + 1, and 
d 1 ,,I (’ 2 2 ” + s rn + I P 1 17, - 2s - 2 v + .5 - 111 + 1 I 
I“’ 0 0 0 0 0 0 0 0 
0 0 0 0 I(‘) 0 0 0 0 
0 a’/” 0 0 0 aI/2 0 0 0 
0 0 0 0 0 &I,’ 0 0 a’/” 
0 0 I’“‘-“-2’ 0 0 0 0 0 0 
is a subspace of type (m, 2s + 2, s) in V2,,+ ,(F(,). 
Finally, let 6 = 2; then (1) reduces to 
2s + y < 771 < v + s + y. (5) 
If y = 1, then we have 2s + 1 < m < v + s + 1. By [l] there exist x and y 
in F(! such that CYX’ + my + czy2 = 1. Then 
,5 n, - 2s - I v+c-m+1 5 171 - 2s - 1 u+s-m+l 2 
&“’ 0 0 0 0 0 0 \ 
0 0 0 I’“’ 0 0 0 
0 z(‘fL-2s-1) 0 0 0 0 
\ 0 0 0 0 0 0 bllr), 
is a subspace of type Cm, 2s + 1, s) in V,,+,(lF,). If y = 2, then we have 
2s + 2 < m < v + s + 2, and 
P VI - 2s - 2 Y + s - 111 + 2 s ,,I - 2s 2 Y + s ,,I + 2 2 1 z(s) 0 z (v-zs-2) 0 0 Z’“’ 0 0 0 z(Z) 0 ’ } , 
is a subspace of type (m, 2s + 2, s> in Vz,,f2 (IF,). Hence the sufliciency of (1) 
is completely proved. 
Now let us prove the necessity of (1). Let P be a subspace of type 
Cm, 2s + y, s, IT in Vzu+s (Fq;>. Without loss of generality we can assume that 
PG 2u+6PT = M(m,2s + Y, s), 
from which we deduce immediately 2s + y < m. 
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If y = 0 or 2, then by Lemma 8 of [2], there exists a (2~ + 6 - m) x (2~ 
+ S> matrix 2 such tha; 
where A = M(2.s + y,2s + y, s) and 
[2(v + s - m) + 6 + y ] matrix whose 
Thus 
2(v+s-m)+6 
from which we deduce immediately 
C is a [2(v + s - m) + 6 + 71 X 
definite part is 16 - 71 x 16 LyI. 
+ y > I6 - YL 
m < v+s + min(6,y). 
If y = 1 and 6 = 0 or 2, or if y = S = 1 and IY = 0, then also by Lemma 8 
of[2]thereexistsam~mmatrixOanda(2v+S-m)X(2v+6)matrix 
Z such that 
I(“) 
0 
0 
(Y 
I’“’ 
0 
0 
p”‘-?‘-y, 
0 
v+s+l 
\ 
if 6 = 2 ad Trl 
1 
“, 
\ 
1 if6+2orm<v+s+l, 
0 
C/ 
where C is a [2( v + s - m) + 61 X [2( v + s - m> + S ] matrix whose defi- 
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nite part is of size 6 X 6. In the first case, we have 
m = vfs + 1= v+s + min(6,y). 
In the second case, we have 
2(v+s-m)+S>S, 
and hence v + s > m. Consequently, 
m< v+s+min(S,y) if 621, 
\ 
v+s if 6 = 1 and IY = 0. 
Finally, if y = 6 = 1 and r = 1, then also by Lemma 8 of [z] there exists an 
m x m matrix Q and a (2~ + 1 - m) X (22~ + 1) matrix Z such that 
/() z(S) \ 
( yyG,,,‘( 7)’ = O 0 1 z(“‘-25-‘) ) 
0 
\ c/ 
where c is a 2( v + s - m + 1) x 2( v + s - m + 1) matrix without definite 
part. Therefore v + s - m + 1 > 0, and consequently 
m~u+s+l=v+s+min(6,y). 
Hence the necessity of (1) is also completely proved. n 
From Theorem 1 we deduce 
THEOREM 2. The number of orbits of subspaces of V,,+,(F,> under 
0 2v+ ,(Fc,I,> is equal to 
i[(3v” + (S + 1)(3v + 2) + 6(2 - 6)( v2 + 2v)] 
Proof. By a generalization of Witt’s theorem due to Feng and Dai 
(Theorem 2 of [2]) the number of orbits of subspaces of V,,+,@,) under 
%+s (F<,) is equal to the number of types (m, 2s + y, s, I’) of subspaces 
with respect to G2,,+ 6 in Vz,,+ 6 (ol,). By Theorem 1, the parameters m, s, 
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and y of the subspace type must satisfy (1). Thus it is sufficient to enumerate 
the triples (m, s, y) of nonnegative integers which satisfy the condition (1). 
We treat the three cases 6 = 0, 1, and 2 one by one. 
(a) 6 = 0. In this case, (1) reduces to 
2s + y < m < v + s. 
Proceeding as in case (a> in the proof of Theorem 2 of [4] and noticing that 
there are only subspace types Cm, 2s, s), (m, 2s + 1, s), and (m, 2s + 2, s), 
we obtain that the number of orbits of subspaces of Vs.@-,,> is equal to 
+( v2 + 3v + 2) + +( Y2 + v) + $( v2 - v) = i(3v” + 3v + 2). 
(1,) 6 = 1. In this case, (1) reduces to 
2,s + y< m < 
v+s+min(a,y) if y+ I,ory= IandI= I, 
v+s if y=Iandp=O. 
Proceeding as in case (b) in the proof of Theorem 2 of [4], we obtain that the 
number of orbits of subspaces in V2v+ ,(F,,) is equal to 
2v” + 4v + 2. 
(c) 6 = 2. In this case, (I) reduces to 
2s+yGm<v+s+y. 
Proceeding as in case (c) in the proof of Theorem 2 of [4], we obtain that the 
number of orbits of subspaces in Vzv+; (F,,) is equal to 
3~;(v’+3u+2) =+“+3v+2). 
Theorem 2 is now completely proved. 
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